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XI. Of the Fluents of Multinomials, and Series
affefted by radical Signs, which do not begin
2o comverge till after the fecond Term
in a Letter from'T.Simpfon F. R. S, 1o
W. Jones Efg; V. P.R. S.

Prefented May 26. LTHO’ the Application of infi-
1748 nite Series, and the Quadrature
‘of the conic Sefions, to the inverfe Method of
Fluxions has exercifed the Pens of the moft able
Mathematicians, and produced many curious and
ufeful Difcoveries, yet nothing has been hitherto
given, that I know of, whereby the Fluents of ra-
dical Multinomials and Serics, which do not begin
to converge till after the fecond Term, can be de-
termined, fo as to be of Ufe in the Solution of
Problems : The common Method, by expanding the
given Expreflion, being, you know, altogether im-
pra&ticable in this Cafe.

The Confideration of which induced me to draw
up the following Paper 5 which I humbly beg Leave
to lay before you, who are {o good a Judge of tie
various Improvements which this Subje& has from
time to time received.

What moft encourages me to hope this little Effay
will meet with your Approbarion, is, that it is not
merely an abfiratted ufelefs Speculation, but may
be apply’d to good purpofe in many difficult and
important Enquiries into Nature; whereof 1 have
put down one or two Inftances, and fhall further
take the Liberty to obferve here, that moft of the
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Iunar Equations, given by Sir Ifzac Newtosn, are
only fuch Approximations as may be exhibited by

the firt Term of a Series derived by the Mecthod
here delivered.

Propofition.

The Fluent of a+cz™ ™X& ™ z being given (either
in algebraic Terms, or from the Quadrature of
the Conic Seltions, &c.) it is propofed, by
means thereof, to approximate the Fluent of
@~ CxPA=dx20 4 ex3n | fao4n &\ Oxx® " %5 fup-

pofing the Series mot to comverge till after the
fecond Term.

Make c2"=cx"4-dx> Y exsehe. and let Q be the
given Fluent of 2 -} ¢z X% ™' 5, anfwering to any
propofed Value of x: Moreover let y= x®, or yi
=ux, and let this Value of x» be fubftituted in the
ﬁr(; Equation, and it will become ¢z"=cyv |- dy2J-
¢y ¢¢. Whereof the Root y being extrafted, we

fhail (by making R=—2% S=L2F3 & pe,
¢ ct ¢

2
— =t tturds ds oy ppda  de
I= e — Xc'; + T X P{ é"&') have

7 (6= 2+ Rz v} S5+ Jve. whence we
alfo obtain ¥ P ¥ =z & +£‘j;l X Rz Potn-1%
i rt2 %Sz pofan-15 e,

P

Let this Value, with that of ex” -} du®_Jpox
&rc. (above given) be now fubflituted in the pro-

pofed
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pofed Fluxion, and it will become 7z I ;on)™
xz"““"z+”~§‘—‘xzezp“+“"‘z' HEx S,

Morcover, let v denote the Place, or Diftance,
of any Term, of this Expreflion, from the ficft (ex-
clufive) then the Term itfelf (drawn into the com-
mon ‘Multiplicator) will be denoted by 2z} ¢z
w!t? x AzPrtve-1z 5 and the Fluent thereof will

?

-t 12 o IRV

o X X

kv 'ﬂvx 40 LA, e
pmtv - ‘Q_l- ? —Pm - inte
vi=i

vn prv-t a% i s i
== plved ¢ +F+z+n:—1.p+_;+m-2 X

a%zv_n—zn .
&re. continued to as many Terms as there

be truly exprefled by

‘.2

are Units in v. Wherein let v be expounded
by 1, 2, 3 ¢re fucceflively, and R, §, T, éw. by
A refpeciively : By which means the Fluent of the
whole Expreflion will be obtained.

Corol. 1.

Becaufe the Fluent of the general Term, when
the Multiplicator a+czlm+‘ becomes= o, is barely
e P 2 43 I
= X e X oy X pfdw X '—"l AL,
the Fluent of the whole Expreflion will, therefore,
in this Cafc be truly defined by

4 94
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p41. Rz pt-1. p-2. Saa

‘Q\X I —p4mt 1 + r+m41p ---,!--772—-1—:‘.C2 -

1 p42 p3. Ta3 , 7 -
Fmt-1. ptnd-2. pdmd-3.3 &re.. Where ‘Q‘dcnoms

m NI .« -~
the Fluent of 4 3z xzp <, when L"=4,
-

Corol. 2.

But, if 724 1 and p be, cach of them, the Half
of an odd athrmative Number, and P be taken to
denote the Periphery of a Circle whofe Diamcter is
Uhity, and —¢ be put =6, then the Valne of 2

-1
(or the Fluent of a=—bz1 ™y ™ <, when z”——a)

— b
m
11 dp+ P
will be = X
nor
1.2.5.7 ¢he. [r0 =% Fa@tors) X 1.3.5.7 & to (@-—!—_%_Fa&ors)

2. & 6. 8. 10. 12 &-¢. (to p4-m Fa&ors)
Thercfore the /Phole, required, Fluent, of

- m n-1 . . .
am=bx"L-dx*Fex e xxp x 1s, in this Cafc,

cqual to the Produét of that Expreflion into the fol-

: . p+1.Ra pF1 pt2. Sa?
lowing Secrics, I+p+771+1.b+p+m-{-—1.p+m+2.bz

7 . : d —_—‘
& c. Wherein R is to be taken =§,‘; §="t P2+3 X

SR o prdapts B prdr o de of
Pl =T X gt T X 5ty b

according to what is above fpecificd.

The Ufe of what has been deliver'd above will,
in fome meafure, appear from the Solution of the
two
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two following Problems, which I fhall fubjoin as
Examples thereof. The firft is;

To find the Time of Ofcillation in the Arch of a
Cycloid, in a Medium refifting according to the
duplicate Ratio of the Velocity.

Let A denote the whole Arch of the Semi-
Cycloid, or the Length of the Pendulun,, & the
the Arch defcribed in the whole Defcent, and x
any variable Part thercof defcribed from the Begin-
ning of the Defcent ;5 and let the Denfity of the
Medium be, every-where, asj: Then the Fluxion
of the Time will be found = _

x x4 -4

“x 2 x% 4%3
2 z.3b+ 2. 3. 40 T 2.3. 4. 557 & %

24
a—1-4- X
;—Zl%xpﬁ s %: which being compared with

m n-1 , .
a—bx"F-dx+exs" &re. wxt % (vide Corol. 2.)
we fhall, in this Cafe, have =1, m=—3, p=1,
2e 4 2 1 F 2
T =T Tk O
i 2 8
Whence R=3 S=55 T = dre.  Alfo

m P
Pt Txt.;.s'.7 (p—3%) X 1.3.5-7 (m+%)=——:;_"’ and
nbP 2. 4.6.8.10. (p+4m) b

p-1.Ra R _aa
e Y == el T
I

120%h*

a=a, b—=1x

a

* The Invefigation of this, and the Fluxion in the following Exam-
ple, are both given in my Effays.
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. 3
+Izz:/9"+18/7:h3 é"'- Whencc we have 'ZA% e

Z—:—x 1 +o5+—gm s & for the Time of
one Vibration - of the Pendulum; which, by

fubftituting 1 - 3’; x L for-its Equal 4, &vc. be-

2
comes PA* X 1x + 642,~—-39—‘;§ &c. From which

it appears, that the Effe& of the Refiftance on the
Time of Vibration, in {mall Arches, is nearly in
the duplicate Ratio of thofe Arches.

Sit Ifaac Newton (from whom it is impoflible
to difagrece without being under fome Apprehen-
fions of a-Miftake) has, indeed, given a very dif-
ferent Solution to this Problem (in Priucip. Prop.
27. B.2.). But as the Conclufion here brought out
exaltly agrees with what I have elfewhere given, by
a different Mecthod, I have great Reafon to believe
I have no-where fallen into an Error.

The fccond Example I fhall give as an Illuftra-
tion of the foregoing Method is,

To determme the Apfide Angle (or the Angle of the
two Apfes at the Center) in an Orbit defcribed
by means of a centripetal Force, which waries
according to any Power of the Diftance.

In order to which, let the Velocity of the Body
at the higher Apfec be to that whereby it might
defcribe a Circle at the fame Diftance from the
Center, in the given Ratio of p to Unity; alfo let

XX that
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that Diftance be denoted by Unity; and, fuppofing
% to denote any other Diftance, let the centripetal
Force be univerfally exprefled by =z Then the
Fluxion of the Angleat the Center will be exprefied by

U—Pz

/= T w3 —
2z Putg= 1=
z P + xz -—--v}’2 ” T

2 U= -? and x=1~2", and it will become

— .

p— = = L1l—ai into
1-—-%)(‘/434 +I—-q,rx..-1_.x|" *
] -y
X
-uv—z V. Y3 Qo —
-4 #””384 = X

- -}-x %+ x ® & 3c.

Now to find the Fluent of the firft Term
hereof (drawn into the gcneral Multxphcator) ot
a—= +'":; ® % K Eﬁc-] "7 &, we have (as

> v d___ w=a
before) =1, m=—%5p=% b= =,
£ Pme L'
L =T Be. Alfo R=5, S=T50
and confcquently the Fluent itfelf (whcn the Body

P
arrives at the lower Apfe)= ————~__

v=2 §. 2. 4TS 7. V=, 16V3= 37V 4 22
L "“+-":§'?""<“’ + 5 450

&r¢.  After the fame manner the Fluent of the
fecond
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P
the feccond Term will come out == Vis *
z 5.'v - M._Tv)“w

+ ’-]- i o X a® e that of the

P -
thlfd:;::.)( %—i X ad re. e arc.
Whence, by collc&ing thefe feveral Fluents to-
gether, we have 5= V‘ X

20735 v4-2 112035302t L2003
Ittat- _E?‘:L xat-}- - LN

6. 4803
for the Fluent of the whole Expreflion: And this,
a
drawn into —x-—x—-—-—z--—-—sjc (=Lxi=ajt) will be
P — 2 3
- L r=2.2v-1 4 =2, 20-1\2 , 4
4/ XI % T X ,vz '_"’7"'2""" ,v3 é’f.
—— 1 ]
— x1 %7072 o +""l 7’:"*‘ 389¢.
Vi3 24 7z+5l _]
180

which, in Degrces, gives — x
) grees, gives o 3
71_:-1. nt-2 =_f:__ 11, n—{az(’ a? ‘
P b T g
the true Mcafure of the Angle required.

Xx 2 XIIL



